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Abstract In this work, the applicability of the unsymmetrical one-range addition
theorems obtained from the use of complete orthonormal sets of Ψα-exponential type
orbitals (Ψα-ETOs, where α = 1, 0,−1,−2, . . .) to the study of electronic structure
of molecules is demonstrated using minimal basis sets of Slater type orbitals (STOs).
As an example of application of unsymmetrical one-range addition expansion method
to evaluate the multicenter electronic integrals, the calculation has been performed for
the ground state of BH3 molecule. The results of computer calculations for the orbi-
tal and total energies, and linear combination coefficients of symmetrized molecular
orbitals are presented.

Keywords Slater type orbitals · Hartree–Fock–Roothaan equations · Multicenter
integrals · One-range addition theorems

1 Introduction

The choice of reliable basis atomic orbitals is of prime importance in molecular
quantum-mechanical calculations since the quality of molecular properties depends
on the nature of these orbitals. During the past few years, a pragmatic preference
has developed for Gaussian type orbitals (GTOs) basis functions. This is motivated
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by the practical requirement for easy and rapid evaluation of multicenter integrals.
Unfortunately, the GTOs basis functions fail to satisfy two mathematical conditions
for atomic electronic distributions, namely, the cusp condition at the origin [1] and
exponential decay at long range [2,3]. The Slater type orbitals would be desirable for
basis sets because they satisfy these conditions.

It is well known that the unsymmetrical one-range expansion method is one of the
most important methods for the evaluation of multicenter integrals over STOs [4].
This method is based on the expansion of STOs in terms of STOs at a displaced center
obtained from the use of complete orthonormal sets of Ψα-ETOs suggested by one
of the authors in Ref. [5]. The expansion coefficients of this approach are the overlap
integrals over STOs which can be expressed through the basic overlap integrals intro-
duced in a previous paper [6]. Thus, the basic overlap integrals constitute the basic
building block of many more complicated multicenter molecular integrals occurring in
the quantum-mechanical calculations of the electronic structure of molecules. By mak-
ing use of unsymmetrical one-range addition theorems approach, all of the molecular
integrals appearing in the combined Hartree–Fock–Roothaan (HFR) approximation
[7] can be expressed through the basic overlap integrals over STOs. The basic overlap
integrals algorithm is especially useful for the computation of multicenter integrals.

The purpose of this work is to use the basic overlap integrals arising in the applica-
tion of the unsymmetrical one-range addition theorems for the evaluation of multicen-
ter integrals which appear in the combined HFR equations for the linear combination
coefficients of symmetrized molecular orbitals

ui =
∑

p

ϕp Dpi . (1)

Here ϕ1, ϕ2, . . . are the symmetrized basis functions constructed from the Slater type
orbitals χ1, χ2, . . . by the following relation:

ϕp =
∑

q

χq gqp. (2)

The matrix elements gqp in Eq. 2 can be determined with the help of symmetry group of
molecule [8]. It should be noted that the symmetrized basis functions and symmetrized
molecular orbitals are different kinds of basis functions of irreducible representation
of the molecular symmetry group. Using Eqs. 1–2 and the formula

ui =
∑

q

χqCqi (3)

for the unsymmetrized molecular orbitals, it is easy to establish the following matrix
relation between coefficients Cqi and Dpi :

C = gD. (4)

123



704 J Math Chem (2009) 45:702–708

2 Expressions for unsymmetrical one-range addition theorems
in terms of basic overlap integrals

For the calculation of multicenter integrals occurring in the combined HFR equations
for molecule [7] we shall use the following relation for the unsymmetrical one-range
addition theorems [5]:

χnlm(ζ, �ra1) = lim
N→∞

N∑

n′=1

n′−1∑

l ′=0

l ′∑

m′=−l ′
V αN

nlm,n′l ′m′(ζ, ζ ′; �R)χn′l ′m′(ζ ′, �rb1), (5)

where ζ > 0, ζ ′ > 0, α = 1, 0,−1,−2, . . ., �R = �Rab and

V αN
nlm,n′l ′m′(ζ, ζ ′; �R) =

N∑

n′′=l ′+1

Ωαl ′
n′n′′(N )Snlm,n′′−αl ′m′(ζ, ζ ′; �R) (6)

Ωαl
nk(N ) =

[ [2(k − α)]!
(2k)!

]1/2 N∑

n′=max(n,k)

(2n′)αωαl
n′nω

αl
n′k (7)

ωαl
nn′ = (−1)n′−l−1

[
(n′ + l + 1)!

(2n)α(n′ + l + 1 − α)! Fn′+l+1−α(n + l + 1 − α)

×Fn′−l−1(n − l − 1)Fn′−l−1(2n′)
]1/2

. (8)

Here, Fk(n) = n!/k!(n − k)! is the binomial coefficient. The quantities
Snlm,n′′−αl ′m′(ζ, ζ ′; �R) = Snlm,n′′−αl ′m′(p, t; θ, φ) occurring in Eq. 6 are the over-
lap integrals defined as

Snlm,n′l ′m′(p, t; θ, φ) =
∫

χ∗
nlm(ζ, �ra)χn′l ′m′(ζ ′, �rb)dV , (9)

where p = 1
2 (ζ + ζ ′)R, t = (ζ − ζ ′)/(ζ + ζ ′) and (R, θ, φ) are the spherical-polar

coordinates of radius vector �R ≡ �Rab = �ra − �rb; χnlm(ζ, �ra) and χn′l ′m′(ζ ′, �rb) are
normalized STOs centered on the nuclei a and b, respectively,

χnlm(ζ, �r) = (2ζ )n+ 1
2 [(2n)!]− 1

2 rn−1e−ζr Slm(θ, φ). (10)

Here, the functions Slm are complex or real spherical harmonics defined by

Slm(θ, ϕ) = Pl|m|(cos θ)Φm(ϕ), (11)

123



J Math Chem (2009) 45:702–708 705

where Pl|m| are the normalized associated Legendre functions and for complex
spherical harmonics

Φm(φ) = 1√
2π

eimϕ, (12)

for real spherical harmonics

Φm(φ) = 1√
π(1 + δm0)

{
cos |m|φ for m ≥ 0
sin |m|φ for m < 0

. (13)

For the evaluation of integrals (9), we use Eqs. 5 and 17 of Ref. [9] for the rotation
of two-center overlap integrals in the following form

Snlm,n′l ′m′(p, t; �R) =
min(l,l ′)∑

λ=0

T ∗λ
lm,l ′m′(θ, ϕ)Snlλ,n′l ′λ(p, t; R). (14)

Here, the Snlλ,n′l ′λ(ζ, ζ ′; R) are the overlap integrals relative to lined-up coordinate
systems:

Snlλ,n′l ′λ(p, t) =
∫

χ∗
nlλ(ζ, �ra)χn′l ′λ(ζ

′, �rb)dV , (15)

where λ = |m| = |m′|.
In Ref. [6], we have shown that the overlap integrals occurring on the right side of

Eq. 14 are expressed through the basic overlap integrals Sn00,n′00(p, t) by the formula

Snlλ,n′l ′λ(p, t) =
l∑

α=−λ

(2)
l ′∑

β=λ

(2)

α+β∑

q=0

gq
αβ(lλ, l ′λ)

22q−1

q∑

k=0

(−1)k pα+β−2q Fk(q)

× [
F2(n−α+2q−2k)(2n)F2(n′−β+2k)(2n′)[2(α − 2q + 2k)]!

× [2(β − 2k)]!]−1/2 (1 + t)α−2q+2k(1 − t)β−2k

×Sn−α+2q−2k00,n′−β+2k00(p, t). (16)

The basic overlap integrals Sn00,n′00(p, t) can be calculated with the help of recurrence
relations (see Eqs. 10–15 of Ref. [6]).

All of the multicenter integrals over STOs appearing in the combined HFR
equations for molecules can be evaluated with the help of basic overlap integrals
using computer programs presented in our previous papers [10–15].

As an application of unsymmetrical one-range addition theorems and basic overlap
integrals methods, we have solved combined HFR equations for the ground state of
B H3((1a1)

2 (2a1)
2 (1ex )

2 (1ey)
2, 1 A1) using Slater type atomic orbitals as a minimal

basis set. In the case of B H3, by the use of properties of symmetry group D3 [8], it is
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easy to establish the following relation for matrix g appearing in Eq. 2:

g =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.51700126 0 0 0 0 0 0.87214513 0
0.51700126 0 0 0 −0.75529984 0 −0.43607256 0
0.51700126 0 0 0 0.75529984 0 −0.43607256 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (17)

The results of computer calculations for orbital and total energies, and linear
combination coefficients of symmetrized molecular orbitals defined by Eq. 1, where
1 ≤ p ≤ 8, are presented in Table 1. The data for the screening constants of STOs
were taken from Ref. [16]. The results obtained using minimal basis set of STOs agree
well with published data [17,18]. We have used for the atoms of B H3 the following
coordinates:

X Y Z
H1 0 R 0

H2 −
√

3
2 R − R

2 0

H3

√
3

2 R − R
2 0

B 0 0 0,

where R = RB H = 2.26014098.
The Slater type orbitals χq , symmetrized functions ϕp and symmetrized molecular

orbitals ui are denoted as

χnlm χ100(H1) χ100(H2) χ100(H3) χ100(B) χ200(B) χ211(B) χ21−1(B) χ210(B)

χq χ1 χ2 χ3 χ4 χ5 χ6 χ7 χ8
ϕnγ mγ ϕ1a1 ϕ2a1 ϕ3a1 ϕ1a2 ϕ1ex ϕ1ey ϕ2ex ϕ2ey

ϕp ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 ϕ8
unγ mγ u1a1 u2a1 u1ex u1ey u1a2 u2ex u2ey u3a1

ui u1 u2 u3 u4 u5 u6 u7 u8

It should be noted that the similar table can also be obtained for the linear
combination coefficients Cqi occurring in the case of molecular orbitals of B H3,
Eq. 3, when unsymmetrized χ -STO basis set is employed. For this purpose we should
use in Eq. 4 the values of matrix g and D (Eq. 17 and Table 1).

We see from Table 1 that, in the case of minimal basis set, the results of computer
calculation for the ground state of B H3 are satisfactory. Work is in progress in our
group for the analytical combined HFR calculations of small molecules using Slater
type orbitals as basis sets.
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